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ARE MINIMAL DEGREE RATIONAL CURVES DETERMINED
BY THEIR TANGENT VECTORS?
STEFAN KEBEKUS AND SÁNDOR J. KOVÁCS
Abstrat. Let X be a projetive variety whih is overed by rational urves,
for instane a Fano manifold over the omplex numbers. In this setup, har-
aterization and lassiation problems lead to the natural question: Given
two points on X, how many minimal degree rational urve are there whih
ontain those points?. A reent answer to this question led to a number of
new results in lassiation theory. As an innitesimal analogue, we ask How
many minimal degree rational urves exist whih ontain a presribed tangent
vetor?
In this paper, we give suient onditions whih guarantee that every tan-
gent vetor at a general point of X is ontained in at most one rational urve
minimal degree. As an immediate appliation, we obtain irreduibility riteria
for the spae of minimal rational urves.
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1. Introdution
The study of rational urves of minimal degree has proven to be a very useful
tool in Fano geometry. The spetrum of appliation overs diverse topis suh as
deformation rigidity, stability of the tangent sheaf, lassiation problems or the
existene of non-trivial nite morphisms between Fano manifolds; see [Hwa01℄ for
an overview.
In this paper we will onsider the situation where X is a projetive variety, whih
is overed by rational urves, e.g. a Fano manifold over C. An example of that is
Pn, whih is overed by lines. The key point of many appliations of minimal degree
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rational urves is showing that the urves in question are similar to lines in ertain
respets. For instane, one may ask:
Question 1.1. Under what onditions does there exist a unique minimal degree
rational urve ontaining two given points?
This question found a sharp answer in [Keb02a℄, see [CMSB00℄ and [Keb02b℄
for a number of appliations. The argument used there is based on a riterion of
Miyaoka, who was the rst to observe that if the answer to the question is No,
then a lot of minimal degree urves are singular. We refer to [Kol96, Prop. V.3.7.5℄
for a preise statement.
As an innitesimal analogue of this question one may ask the following:
Question 1.2. Are there natural onditions that guarantee that a minimal degree
rational urve is uniquely determined by a tangent vetor?
Although a denite answer to the latter question would be as interesting as one
to the former, it seems that Question 1.2 has hardly been studied before. This paper
is a rst attempt in that diretion. We give a riterion whih parallels Miyaoka's
approah.
Theorem 1.3. Let X be a projetive variety over an algebraially losed eld k
and H ⊂ RatCurvesn(X) a proper, overing family of rational urves suh that
none of the assoiated urves has a uspidal singularity. If char(k) 6= 0, assume
additionally that there exists an ample line bundle L ∈ Pic(X) suh that for every
ℓ ∈ H the intersetion number L.ℓ of L is oprime to char(k).
Then, if x ∈ X is a general point, all urves assoiated with the losed subfamily
Hx := {ℓ ∈ H |x ∈ ℓ} ⊂ H
are smooth at x and no two of them share a ommon tangent diretion at x.
Remark 1.3.1. In Theorem 1.3 we do not assume that H is irreduible or onneted.
That will later be important for the appliations.
Remark 1.3.2. We refer the reader to Chapter 3.3.1 for a brief review of the spae
RatCurvesn(X) of rational urves. The volume [Kol96℄ ontains a thorough disus-
sion.
If H ⊂ RatCurvesn(X) is an irreduible omponent, it is known that H is
proper if there exists a line bundle L ∈ Pic(X) that intersets a urve ℓ ∈ H with
multipliity L.ℓ = 1.
For omplex projetive manifolds we give another result. To formulate the setup
properly, pik an irreduible omponent H ⊂ RatCurvesn(X) suh that
(1) the rational urves assoiated with H dominate X ,
(2) for a general point x ∈, the losed subfamily Hx is proper.
Let U˜ be the universal family, whih is a P1-bundle over H . The tangent map of
the natural projetion ι : U˜ → X , restrited to the relative tangent sheaf TU˜/H ,
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gives rise to a rational map τ :
P(T∨X)

U˜
τ
00


v
o
i d
ι
evaluation
//
π P1-bundle

X
H
It has been shown in [Keb02a℄ that τ is generially nite. Examples of rationally
onneted manifolds, however, seem to suggest that the tangent map τ is generially
injetive for a large lass of varieties. Our main result supports this laim.
Theorem 1.4. Let X be a smooth projetive variety over the eld of omplex
numbers and let H ⊂ RatCurvesn(X) be the union of irreduible omponents suh
that the subfamily Hx is proper for all points x ∈ X, outside a subvariety S ⊂ X
of odimension at least 2.
Then τ is generially injetive, unless the urves assoiated with the losed sub-
family Husp ⊂ H of uspidal urves dominate X, and the subvariety
D := {x ∈ X | ∃ℓ ∈ Husp : ℓ has a uspidal singularity at x},
where urves have uspidal singularities, has odimension 1.
Remark 1.4.1. It is known that the family Hx is proper for a general point x ∈ X
if H is a maximal dominating family of rational urves of minimal degrees, i.e.,
if the degrees of the urves assoiated with H are minimal among all irreduible
omponents of RatCurvesn(X) whih satisfy ondition (1) from above.
The assumption that Hx is proper for all points outside a set of odimension 2,
however, is restritive.
Although we onsider these results only a rst step toward a satisfatory answer
to Question 1.2, we are already able to present several appliations in Setion 5.
Aknowledgements. Parts of this paper have been worked out while the rst named
author visited the University of Washington at Seattle, the University of British
Columbia at Vanouver and Prineton University as well as while the seond named
author visited the Isaa Newton Institute for Mathematial Sienes at Cambridge.
Both authors are grateful to these institutions for their hospitality. S. Kebekus
would like to thank K. Behrend and J. Kollár for the invitations and for numerous
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ussions. S. Kovás would like to thank the organizers, Alessio Corti, Mark
Gross, and Miles Reid for the invitation to the 'Higher Dimensional Geometry
Programme' of the Newton Institute.
After the main part of this paper was written, J.-M. Hwang has informed us
that, together with N. Mok, they have shown a statement similar to, but somewhat
stronger than Theorem 1.4. Their unpublished proof uses entirely dierent meth-
ods. To the best of our knowledge, there is no other result similar to Theorem 1.3.
2. P1-bundles with double setions
This preliminary setion disusses P1-bundles with an irreduible double se-
tion. Most results here are fairly elementary. We have, however, hosen to inlude
detailed proofs for lak of a suitable referene.
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Throughout the present setion let λ : Λ → B be a P1-bundle over a normal
variety B, i.e., a morphism whose sheme-theoreti bers are all isomorphi to P1.
Note that we do not assume here that λ is trivial in the Zariski topology. Let
σ : B → Λ be a setion of λ, Σred = σ(B)red ⊂ Λ, and let Σ ⊂ Λ be the rst
innitesimal neighborhood of Σred in Λ. That is, if Σred is dened by the sheaf of
ideals J = OΛ(−Σred), then Σ is dened by the sheaf J
2
. Our aim is to relate
properties of Λ with those of its subsheme Σ.
2.1. The Piard group of the double setion. Reall from [Har77, III. Ex.4.6℄
qthat there exists a short exat sequene of sheaves of Abelian groups, sometimes
alled that trunated exponential sequene in the literature (eg. [BBI00, set. 2℄)
(2.1) 0 −→ J
/
J 2︸ ︷︷ ︸
=N∨
Σred|Λ
α
−→ O∗Σ
β
−→ O∗Σred −→ 1.
Here N∨Σred|Λ is the onormal bundle, β is the anonial restrition map and α is
given by
α : (J
/
J 2,+) → O∗Σ
f 7→ 1 + f.
In our setup, where Σred ≃ B is a setion, the trunated exponential sequene (2.1)
is anonially split. Loally we an write the splitting as follows. Assume that we
are given an ane open subset Uα ⊂ Σ and an invertible funtion fα ∈ O
∗
Σ(Uα).
Then, after shrinking Uα, if needed, we will nd a bundle oordinate ya, identify
O∗Σ(Uα) ≃ [OΣred (Uα)⊗ k[yα]/(y
2
α)]
∗
and write aordingly
fα = gα + hα · yα
where gα ∈ O
∗
Σred
(Uα) and hα ∈ OΣred (Uα). With this notation, the splitting of
sequene (2.1) deomposes fα as
fα = gα ·
[
1 +
hα
gα
· yα
]
︸ ︷︷ ︸
∈Im(αUα )
As a diret orollary to the splitting of (2.1) we obtain a anonial deomposition
of the Piard group
(2.2) Pic(Σ) = Pic(Σred)×H
1(Σred, N
∨
Σred|Λ
).
2.2. The ohomology lass of a line bundle. Let L ∈ Pic(Λ) be a line bun-
dle. Using the deomposition (2.2) from above, we an assoiate to L a lass
c(L) ∈ H1(Σred, N∨Σred|Λ). As this lass will be important soon, we will now nd a
eh-oyle in Z1(Uα, N
∨
Σred|Λ
) that represents c(L).
To this end, nd a suitable open ane over Uα of Σ suh that L|Uα is trivial
for all α and where bundle oordinates yα exist. Let fα ∈ L(Uα) be a olletion of
nowhere vanishing setions whih we write in loal oordinates as fα = gα+hα ·yα.
Using the Uα-oordinates on the intersetion Uα ∩ Uβ , the transition funtions for
the line bundle are thus written as
fα
fβ
=
gα + hα · yα
gβ + hβ · yα
=
gα
gβ
·
[
1 +
(
hα
gα
−
hβ
gβ
)
yα
]
∈ O∗Σ(Uαβ)
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In other words, the lass of c(L) ∈ H1(Σred, N∨Σred|Λ) is represented by the eh
oyle
(2.3)
(
hα
gα
−
hβ
gβ
)
yα ∈ Z
1(Uα, N
∨
Σred|Λ
)
2.3. Vetor bundle sequenes assoiated to line bundles. Consider the ideal
sheaf sequene for Σred ⊂ Σ.
0 −→ J
/
J 2 −→ OΣ −→ OΣred −→ 0
Warning 2.1. It should be noted that Σred is not a Cartier-divisor in Σ sine its
ideal sheaf, J
/
J 2 ≃ N∨Σred|Λ is not a loally free OΣ-module. Furthermore, the
restrition of the ideal sheaf of Σred in Λ to Σ, J ⊗OΣ ≃ J
/
J 3, is not isomorphi
to the ideal sheaf of Σred in Σ, J
/
J 2 6≃ J ⊗ OΣ. In fat, J ⊗ OΣ is not even a
subsheaf of OΣ.
Constrution 2.2. Let L ∈ Pic(Σ) be a line bundle. By abuse of notation, identify
Σred with B and onsider L|Σred a line bundle on B. Then twist the above sequene
with the loally free OΣ-module L⊗λ∗(L∨|Σred), and obtain the following sequene
of OΣ-modules,
(2.4) 0 −→ N∨Σred|Λ −→ L⊗ λ
∗(L∨|Σred ) −→ OΣred −→ 0.
Finally, onsider the push-forward to B:
(2.5) 0 −→ N∨Σred|Λ −→ λ∗(L)⊗ L
∨|Σred︸ ︷︷ ︸
=:EL
A
−→ OΣred −→ 0.
We obtain a vetor bundle EL of rank two on B whih is presented as an extension
of two line bundles. The surjetive map EL → OB indues a setion σL : B → P(E).
We will use this notation later and also extend it to line bundles, L ∈ Pic(Λ), by
EL := EL|Σ and σL = σL|Σ . Observe that (P(EL), σL) depends on L only up to a
twist by a line bundle pulled bak from B. I.e., for M ∈ Pic(B), EL⊗λ∗M ≃ EL and
σL⊗λ∗M = σL.
Muh of our further argumentation is based on the following observation.
Proposition 2.3. Let L ∈ Pic(Σ) be a line bundle and c(L) ∈ H1(Σred, N∨Σred|Λ)
the lass dened above. Then c(L) oinides with the extension lass
e(L) ∈ Ext1(OΣred , N
∨
Σred|Λ
) = H1(Σred, N
∨
Σred|Λ
)
of the vetor bundle sequene (2.5). In partiular, the map
e : (Pic(Σ),⊗) → (H1(Σred, N
∨
Σred|Λ
),+)
L 7→ extension lass of sequene (2.5)
is a homomorphism of groups.
Proof. The proof relies on an expliit alulation in eh ohomology. We
will hoose a suiently ne over Uα of Σred and produe a eh oyle in
Z1(Uα, N
∨
Σred|Λ
) that represents the extension lass e(L). It will turn out that
this oyle equals the one that we have alulated in (2.3) above for c(L).
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We keep the notation from above and let fα ∈ L(Uα) be a olletion of nowhere-
vanishing setions of L. Suh setions an be naturally seen to give loal splittings
of the sequenes (2.4) and (2.5). Expliitly, if we write fα = gα + hα · yα, then
fα
gα
= 1 +
hα
gα
· yα ∈ (L⊗ L
∨|Σred)(Uα)
are nowhere-vanishing setions of L⊗ L∨|Σred and the splitting takes the form
sα : OΣred(Uα) → (L⊗ L
∨|Σred)(Uα)
1 7→ 1 + hαgα · yα
By onstrution of Ext1, we obtain the extension lass as the homology lass rep-
resented by the eh oyle
sα(1)− sβ(1) ∈ ker(A)(Uαβ) ≃ N
∨
Σred|Λ
(Uαβ)
This dierene is given by the following setion in N∨Σred|Λ(Uαβ) whih yields the
required oyle.(
1 +
hα
gα
· yα
)
−
(
1 +
hβ
gβ
· yα
)
=
(
hα
gα
−
hβ
gβ
)
yα ∈ Z
1(Uα, N
∨
Σred|Λ
)
That, however, is the same oyle whih we have obtained above in formula (2.3)
for the lass c(L). The proof of Proposition 2.3 is therefore nished. 
2.4. The reonstrution of the P1-bundle from a double setion. It is a
remarkable fat that the restrition of an ample line bundle L ∈ Pic(Λ) to a double
setion arries enough information so that the whole P1-bundle Λ an be reon-
struted. The proof is little more than a straightforward appliation of Proposi-
tion 2.3. We are grateful to Ivo Radlo who showed us how to use extension lasses
to simplify our original proof.
Notation 2.4. Let (Λ, σ) and (Λ′, σ′) be two P1-bundles with setions over B. We
say that (Λ, σ) and (Λ′, σ′) are isomorphi pairs (over B) if there exists a morphism
γ : Λ→ Λ′, an isomorphism of pairs, suh that γ is a B-isomorphism of P1-bundles
and γ ◦ σ = σ′. Sometimes we will refer to these pairs by the image of the setion:
(Λ, σ(B)), in whih ase the meaning of isomorphi pairs should be lear.
Theorem 2.5. Given a line bundle L ∈ Pic(Λ), whih is not the pull-bak of a line
bundle on B, let EL and σL be as in 2.2. Consider the relative degree d ∈ Z \ {0}
of L, i.e., the intersetion number with bers of λ. If d is oprime to char(k), then
(Λ, σ) and (P(EL), σL) are isomorphi pairs over B.
Proof. Let H := OΛ(Σred) = J
∨
. Then Λ ≃ P(λ∗H) and σ : B → Λ is the setion
assoiated to the surjetion, λ∗H → λ∗(H |Σred ).
First we would like to prove that λ∗H ≃ λ∗(H |Σ). Indeed, onsider the sequene,
0 −→ H ⊗ J 2 ≃ J −→ H −→ H |Σ −→ 0.
We need to prove that λ∗J ≃ R1λ∗J ≃ 0. However, that follows from onsidering
the pushforward of the sequene,
0 −→ J −→ OΛ −→ OΣred −→ 0,
sine λ∗OΛ ≃ λ∗OΣred ≃ OB, and R
1λ∗OΛ ≃ 0.
This implies the statement for L = H , that is, we obtain that (Λ, σ) and
(P(EH), σH) are isomorphi pairs over B (f. [Har77, II.7.9℄).
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In order to nish the proof, we are going to prove that (P(EH), σH) and
(P(EL), σL) are isomorphi pairs over B for any L ∈ Pic(Λ). In fat, it sues
to show that the extension lasses of the following sequenes are the same up to a
non-zero salar multiple.
(2.6)
0 −→ N∨Σred|Λ −→ λ∗(H |Σ)⊗H
∨|Σred −→ OΣred −→ 0
0 −→ N∨Σred|Λ −→ λ∗(L|Σ)⊗ L
∨|Σred −→ OΣred −→ 0.
Reall that Pic(Λ) = Z × Pic(B) so that we an write L ∈ H⊗d ⊗ λ∗M for an
appropriateM ∈ Pic(B). By Proposition 2.3 this implies that the extension lasses
of the sequenes (2.6) are given by c (H |Σ) and c
(
H |⊗dΣ
)
= d·c (H |Σ). In partiular,
they dier only by the non-zero fator d ∈ k. 
Warning 2.6. The onstrution of the vetor bundle EL and Proposition 2.3 use only
the restrition L|Σ. It may thus appear that Theorem 2.5 ould be true without
the assumption that L ∈ Pic(Λ) and that one ould allow arbitrary line bundles
L ∈ Pic(Σ) instead. That, however, is wrong and ounterexamples do exist. Note
that the proof of Theorem 2.5 uses the fat that L is ontained in Z×Pic(B) whih
is not true in general if L ∈ Pic(Σ) is arbitrary.
The assumption that d be oprime to char(k) is atually neessary in Theo-
rem 2.5, as shown by the following simple orollary of Proposition 2.3 and of the
proof of Theorem 2.5.
Corollary 2.7. Using the same notation as in Theorem 2.5, assume that d is
divisible by char(k). Then
λ∗(L|Σ)⊗ L
∨|Σred ≃ N
∨
Σred|Λ
⊕OΣred .
3. Dubbies
Throughout the proofs of Theorems 1.3 and 1.4, whih we give in Setions 4.1
and 4.2 below, we will assume that X ontains pairs of minimal rational urves
whih interset tangentially in at least one point. A detailed study of these pairs
and their parameter spaes will be given in the present hapter. The simplest
onguration is the following:
Denition 3.1. A dubby is a redued, reduible urve, isomorphi to the union of
a line and a smooth oni in P2 interseting tangentially in a single point.
Remark 3.1.1. The denition may suggest at rst glane that one omponent of a
dubby is speial in that it has a higher degree than the other. We remark that this
is not so. A dubby does not ome with a natural polarization. In fat, there exists
an involution in the automorphism group that swaps the irreduible omponents.
Later we will need the following estimate for the dimension of the spae of global
setions of a line bundle on a dubby. Let ℓ = ℓ1 ∪ ℓ2 be a dubby and L ∈ Pic(ℓ) a
line bundle. We say that L has type (d1, d2) if the restritions of L to the irreduible
omponents ℓ1 and ℓ2 have degree d1 and d2, respetively.
Lemma 3.2. Let ℓ be a dubby and L ∈ Pic(ℓ) a line bundle of type (d1, d2). Then
h0(ℓ, L) ≥ d1 + d2.
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Proof. By assumption, we have that L|ℓi ≃ OP1(di). Let ℓ1.ℓ2 be the sheme theo-
reti intersetion of ℓ1 and ℓ2, ι
i : ℓi → ℓ the natural embedding, and Li = ιi∗(L|ℓi)
for i = 1, 2. Then one has the following short exat sequene:
0→ L→ L1 ⊕ L2 → Oℓ1.ℓ2 → 0.
This implies that h0(ℓ, L) ≥ χ(L) = χ(L1) + χ(L2)− χ(Oℓ1.ℓ2) = d1 + d2. 
3.1. The identiation of the omponents of a dubby. To illustrate the main
observation about dubbies, let us onsider a very simple setup rst: let L ∈ Pic(X)
be an ample line bundle, and assume that ℓ = ℓ1 ∪ ℓ2 ⊂ X is a dubby where
both omponents are members of the same onneted family H of minimal rational
urves. In partiular, L|ℓ will be of type (d, d), where d > 0. Remarkably, the line
bundle L indues a anonial identiation of the two omponents ℓ1 and ℓ2, at least
when d is oprime to the harateristi of the base eld k. Over the eld of omplex
numbers, the idea of onstrution is the following: Fix a trivialization t : L|V → OV
of L on an open neighborhood V of the intersetion point {z} = ℓ1 ∩ ℓ2. Given
a point x ∈ ℓ1 \ ℓ2, let σ1 ∈ H0(ℓ1, L|ℓ1) be a non-zero setion that vanishes at x
with multipliity m. Then there exists a unique setion σ2 ∈ H0(ℓ2, L|ℓ2) with the
following properties:
(1) The setion σ2 vanishes at exatly one point y ∈ ℓ2.
(2) The setions σ1 and σ2 agree on the intersetion of the omponents:
σ1(z) = σ2(z)
(3) The dierentials of σ1 and σ2 agree at z:
~v(t ◦ σ1) = ~v(t ◦ σ2)
for all non-vanishing tangent vetors ~v ∈ Tℓ1 ∩ Tℓ2 .
The map that assoiates x to y gives the identiation of the omponents and does
not depend on the hoie of t.
In the following setion 3.2, we will give a onstrution of the identiation
morphism whih also works in the relative setup, for bundles of type (d1, d2) where
d1 6= d2, and in arbitrary harateristi.
3.2. Bundles of dubbies. For the proof of the main theorems we will need to
onsider bundles of dubbies, i.e., morphisms where eah sheme-theoreti ber is
isomorphi to a dubby. The following Proposition shows how to identify the om-
ponents of suh bundles.
Proposition 3.3. Let λ : Λ → B be a projetive family of dubbies over a normal
base B and assume that Λ is not irreduible. Then it has exatly two irreduible
omponents Λ1 and Λ2, both P
1
-bundles over B. Assume further that there exists
a line bundle L ∈ Pic(Λ) whose restrition to a λ-ber has type (m,n′), where m
and n are non-zero and relatively prime to char(k).
If Σred ⊂ Λ1 ∩ Λ2 denotes the redued intersetion, then Σred is a setion over
B, and the pairs (Λ1,Σred) and (Λ2,Σred) are isomorphi over B.
Note that the isomorphism given in Proposition 3.3 is not anonial and may
not respet the line bundle L.
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Proof of Proposition 3.3. The map λ is at beause all its sheme-theoreti bers are
isomorphi. Let Λ1 ⊂ Λ be one of the irreduible omponents. It is easy to see that
if x ∈ Λ1 is a general point, then Λ1 ontains the (unique) irreduible omponent of
ℓλ(x) := λ
−1λ(x) that ontains x. Sine λ is proper and at, λ(Λ1) = B. Hene Λ1
ontains one of the irreduible omponents of ℓb for all b ∈ B. Repeating the same
argument with another irreduible omponent, Λ2, one nds that it also ontains
one of the irreduible omponents of ℓb for all b ∈ B. However, they annot ontain
the same irreduible omponent for any b ∈ B: In fat, if they ontained the same
omponent of ℓb for innitely many points b ∈ B, then they would agree. On the
other hand, if they ontained the same omponent of ℓb for nitely many points
b ∈ B, then Λ would have an irreduible omponent that does not dominate B.
This, however, would ontradit the atness of λ. Hene Λ1 ∪ Λ2 = Λ. They are
both P
1
-bundles over B by [Kol96, Thm. II.2.8.1℄.
Let Σ := Λ1 ∩ Λ2 be the sheme-theoreti intersetion. Sine Λ is a bundle
of dubbies and B is normal, it is lear that its redution, Σred is a setion, and
that Σ is its rst innitesimal neighborhood in either Λ1 or Λ2. In this setup, the
isomorphism of pairs is given by Theorem 2.5. 
3.3. The spae of dubbies. In addition to the spae of rational urves, whih
we use throughout, it is also useful to have a parameter spae for dubbies. For the
onveniene of the reader, we will rst reall the onstrution of the former spae
very briey. The reader is referred to [Kol96, hapt. II.1℄ for a thorough treatment.
3.3.1. The spae of rational urves. Reall that there exists a shemeHombir(P
1, X)
whose geometri points orrespond to morphisms P
1 → X that are bira-
tional onto their images. Furthermore, there exists an evaluation morphism:
µ : Hombir(P
1, X) × P1 → X . The group PGL2 ats on the normalization
Homnbir(P
1, X), and the geometri quotient exists. More preisely, we have a om-
mutative diagram
Homnbir(P
1, X)× P1

U //
µ
))
Univrc(X)
ι //
π

X
Homnbir(P
1, X)
u // RatCurvesn(X)
where u and U are prinipal PGL2 bundles, π is a P
1
-bundle and the restrition
of the evaluation morphism ι to any ber of π is a morphism whih is birational
onto its image. The quotient spae RatCurvesn(X) is then the parameter spae of
rational urves on X . The letter n in RatCurvesn may be a little onfusing. It has
nothing to do with the dimension of X and it's not a power. It serves as a reminder
that the parameter spae is the normalization of a suitable quasiprojetive subset
of the Chow variety.
It may perhaps look tempting to dene a spae of dubbies in a similar manner, as
a quotient of the assoiated Hom-sheme. However, sine geometri invariant theory
beomes somewhat awkward for group ations on non-normal varieties, we have
hosen another, elementary but somewhat lengthier approah. The spae of dubbies
will be onstruted as a quasi-projetive subvariety of the spae of ordered pairs
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of pointed rational urves, and the universal family of dubbies will be onstruted
diretly.
3.3.2. Pointed rational urves. It is easy to see that RC•(X) = Univ
rc(X) naturally
parametrizes pointed rational urves on X and the pull-bak of the universal family
Univrc• (X) = RC•(X)×RatCurvesn(X) Univ
rc(X)
is the universal family of pointed rational urves over RC•(X). The identiation
morphism RC•(X) → Univrc(X) and the identity map of RC•(X) gives a setion
of this universal family:
Univrc• (X)

// Univrc(X)

RC•(X)
η
AA
≃
66lllllllllllll
π
// RatCurvesn(X)
3.3.3. Pairs of pointed rational urves. The produt RC2•(X) := RC•(X)×RC•(X)
naturally parametrizes pairs of pointed rational urves. We denote the projetions
to the two fators by ρi : RC
2
•(X) → RC•(X) for i = 1, 2. Then the universal
family will be given as the disjoint union
Univrc,2• (X) =
(
RC2•(X)×ρ1 Univ
rc
• (X)
)
∪
(
RC2•(X)×ρ2 Univ
rc
• (X)
)
.
The two opies of the setion η : RC•(X)→ Univrc• (X) indue two setions of this
family, one for eah omponent of the union:
Univrc,2• (X)
wwppp
pp
pp
pp
pp
p˜

''NN
NN
NN
NN
NN
N
Univrc• (X)

Univrc• (X)

RC2•(X)
ρ1
wwooo
oo
oo
oo
oo ρ2
''OO
OO
OO
OO
OO
O
σ1
FF
σ2
XX
RC•(X)
η
FF
RC•(X)
η
XX
3.3.4. The spae of dubbies. Consider the evaluation morphism
ι2 : Univrc,2• (X) → X . The assoiated tangent map T ι2 restrited to the
relative tangent sheaf TUnivrc,2• (X)/RC2•(X)
gives rise to a rational map
τ rc,2 : Univrc,2• (X) 99K P(T
∨
X).
We dene a quasiprojetive variety, the spae of dubbies,
Dubbiesn(X) := normalization of {ℓ ∈ RC2•(X) | τ
rc,2
is dened at σ1(ℓ)
and at σ2(ℓ), and τ
rc,2(σ1(ℓ)) = τ
rc,2(σ2(ℓ))}.
We will often onsider pairs of urves suh that both omponents ome
from the same family H ⊂ RatCurvesn(X). For this reason we dene
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π2 : Dubbies
n(X) → RatCurvesn(X) × RatCurvesn(X), the natural forgetful pro-
jetion morphism, and
Dubbiesn(X)|H := Dubbies
n(X) ∩ π−12 (H ×H).
Proposition 3.4. Assume that H ⊂ RatCurvesn(X) is a proper family of im-
mersed urves. Then Dubbiesn(X)|H is also proper.
Proof. Sine the tangent map, τ rc,2, is well-dened at σ1(ℓ) and σ2(ℓ) for every
ℓ ∈ RC2•(X) ∩ π
−1
2 (H ×H),
Dubbiesn(X) = normalization of {ℓ ∈ RC2•(X) | τ
rc,2(σ1(ℓ)) = τ
rc,2(σ2(ℓ))},
whih is learly a losed subvariety of the proper variety π−12 (H ×H). 
The next statement follows immediately from the onstrution and from the
universal property of RatCurvesn(X).
Proposition 3.5. Let ℓ1 and ℓ2 ⊂ X be rational urves with normalizations
ηi : P
1 ≃ ℓ˜i → ℓi ⊂ X.
If Tηi have rank 1 at the point [0 : 1] ∈ P1 for i = 1, 2, and if the images of the
tangent morphisms agree,
Image(Tη1|[0:1]) = Image(Tη2|[0:1]) ⊂ TX ,
then there exists a point ℓ ∈ Dubbiesn(X) suh that p˜−1(ℓ) = ℓ˜1 ∪ ℓ˜2.
If H ⊂ RatCurvesn(X) is a subfamily, and both ℓi orrespond to points of H,
then we an nd suh an ℓ in Dubbiesn(X)|H . 
3.3.5. The universal family of dubbies. In order to show that Dubbiesn(X) is a
spae of dubbies indeed, we need to onstrut a univeral family, whih is a bundle
of dubbies in the sense of setion 3.2. To this end, we will fator the universal
evaluation morphism.
Proposition 3.6. The evaluation morphism,
ι : Univrc,2• (X)×RC2•(X) Dubbies
n(X)︸ ︷︷ ︸
=:U˜, deomposes as U˜1∪U˜2
−→ U ⊂ X ×Dubbiesn(X),
fators as follows:
(3.1) U˜
α //
ι
((
two disjoint
P
1
-bundles U˜1 ∪ U˜2
p˜
**
Λ
β //
pˆ
bundle of
dubbies 
U
p
bundle of two urves with
ompliated intersetion
tt
Dubbiesn(X)
where the variety Λ is a bundle of dubbies in the sense that for every losed point
b ∈ B0, the ber pˆ−1(b) is isomorphi to a dubby.
Remark 3.6.1. If ℓ ∈ Dubbiesn(X) is any point, then the two orresponding urves
in X interset tangentially in one point, but may have very ompliated intersetion
at that point and elsewhere. The fatorization of the evaluation morphism should
therefore be understood as a partial resolution of singularities.
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Proof. As a rst step we will onstrut the spae Λ. Beause the evaluation ι is a
nite, hene ane, morphism, it seems appropriate to onstrut a suitable subsheaf
A ⊂ ι∗OU˜ , whih is a oherent sheaf of OU -modules and set β : Λ = Spe(A)→ U .
Let σ¯1 ⊂ U˜1 and σ¯2 ⊂ U˜2 be the images of the pullbaks of the anonial se-
tions, σ1 and σ2, onstruted in 3.3.3. In order to onstrut A, we will need to
nd an identiation of their rst innitesimal neighborhoods, σ˜1 and σ˜2. Sine
ι is separable, it follows diretly from the onstrution that σ˜1 and σ˜2 map iso-
morphially onto their sheme-theoreti images ι(σ˜1) and ι(σ˜2). Again, by the
denition of Dubbiesn(X), these images agree: ι(σ˜1) = ι(σ˜2) and we obtain the
desired identiation,
γ : σ˜1 → σ˜2.
Let
i1 : σ˜1 → U˜1 and i2 : σ˜2 → U˜2
be the inlusion maps and onsider the sheaf morphism
ϕ := ι∗(i
#
1 − γ
# ◦ i#2 ) : ι∗OU˜ → ι∗Oσ˜1 .
The sheaf
A := ker(ϕ)
is thus a oherent sheaf of OU -modules. As it was planned above, dene
Λ := Spe(A). The existene of the morphisms α and β and that ι = β ◦ α
follows from the onstrution. It remains to show that Λ is a bundle of dubbies.
Let ℓ ∈ Dubbiesn(X) be a losed point. Replaing Dubbiesn(X) with a neighbour-
hood of ℓ and passing to a nite, unbranhed over if neessary, and by abuse of
notation still denoting it by Dubbiesn(X), we an assume that
(1) the variety Dubbiesn(X) is ane, say Dubbiesn(X) ≃ SpecR,
(2) the P
1
-bundles U˜i = P(p˜∗OU˜i(σ¯i)
∨), for i = 1, 2 are trivial, and
(3) there exists a Cartier divisor τ ⊂ U suh that ι−1(τ) = τ1 ∪ τ2, where
τi ⊂ U˜i are setions that are disjoint from σ¯i.
We an then nd homogeneous bundle oordinates [x0 : x1] on U˜1 and [y0 : y1] on
U˜2 suh that
σ¯1 = {([x0 : x1], b) ∈ U˜1 |x0 = 0}, τ1 = {([x0 : x1], b) ∈ U˜1 |x1 = 0},
σ¯2 = {([y0 : y1], b) ∈ U˜2 | y0 = 0}, and τ2 = {([y0 : y1], b) ∈ U˜2 | y1 = 0}.
If we set
U˜0 := U˜ \ (τ1 ∪ τ2),
then the image U0 := ι(U˜0) is ane, and we an write the relevant modules as
OU˜ (U˜0) ≃ R ⊗ (k[x0]⊕ k[y0])
Oσ˜1(U˜0) ≃ R ⊗ k[x0]/(x
2
0).
Oσ˜2(U˜0) ≃ R ⊗ k[y0]/(y
2
0).
Adjusting the bundle oordinates, if neessary, we an assume that the identiation
morphism γ#(U0) : Oσ˜2(U˜0)→ Oσ˜1(U˜0) is written as
γ#(U0) : R⊗ k[y0]/(y20) → R⊗ k[x0]/(x
2
0)
r ⊗ y0 7→ r ⊗ x0.
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In this setup, we an nd the morphism ϕ expliitly:
ϕ(U0) : R⊗ (k[x0]⊕ k[y0]) → R⊗ k[x0]/(x20)
r ⊗ (f(x0), g(y0)) 7→ r ⊗ (f(x0)− g(x0)).
Therefore, as an R-algebra, ker(ϕ)(U0) is generated by the elements
u := 1R ⊗ (x0, y0) and v := 1R ⊗ (x20, 0), whih satisfy the single relation
v(u2 − v) = 0. Thus
ker(ϕ)(U0) = R⊗ k[u, v]/(v(u
2 − v)).
In other words, β−1(U0) is a bundle of two ane lines over Dubbies
n(X), meeting
tangentially in a single point.
It follows diretly from the onstrution of A that α is an isomorphism away
from σ¯1 ∪ σ¯2. The urve pˆ−1(ℓ) is therefore smooth outside of pˆ−1(ℓ) ∩ β−1(U0),
and it follows that pˆ−1(ℓ) is indeed a dubby. This ends the proof. 
4. Proofs of the Main Theorems
4.1. Proof of Theorem 1.3. The assertion that all urves assoiated with Hx are
smooth at a general point x ∈ X follows immediately from the assumption that
none of the urves ℓ ∈ H is uspidal, and by [Keb02b, thms. 2.4(1) and 3.3(1)℄. It
remains to show that no two urves interset tangentially.
We will argue by ontradition and assume that we an nd a pair ℓ = ℓ1∪ℓ2 ⊂ X
of distint urves ℓi ∈ H that interset tangentially at x. The pair ℓ is then
dominated by a dubby whose singular point maps to x. Loosely speaking, we will
move the point of intersetion to obtain a positive-dimensional family of dubbies
that all ontain the point x.
Setup. To formulate our setup more preisely, we will use the notation intro-
dued in diagram (3.1) of Proposition 3.6 and reall from Proposition 3.4 that
Dubbiesn(X)|H is proper. Reall further that the universal family U is a subset
U ⊂ X×Dubbiesn(X) and let  := pr1◦ι : U˜ → X be the anonial morphism. The
assumption that for every general point x ∈ X , there is a pair of urves interseting
tangentially at x an be reformulated as
 ◦ σ1(Dubbies
n(X)|H) =  ◦ σ2(Dubbies
n(X)|H) = X
Let D ⊂ Dubbiesn(X)|H be an irreduible omponent suh that
 ◦ σ1(D) =  ◦ σ2(D) = X
holds. By abuse of notation, we will denote U˜D = (U˜D)1 ∪ (U˜2)D by U˜ = U˜1 ∪ U˜2.
Fix a losed point t ∈ D and onsider the intersetion numbers
d1 := 
∗(L) · (p˜−1(t) ∩ U˜1) and d2 := 
∗(L) · (p˜−1(t) ∩ U˜2)
Renumbering U˜1 and U˜2, if neessary, we may assume without loss of generality
that d1 ≥ d2. In this setup it follows from the upper semi-ontinuity of the ber
dimension that (|U˜1)
−1(x) ontains an irreduible urve τ1 whih intersets σ1(D)
non-trivially and is not ontained in
S := {y ∈ U˜ | ι is not an isomorphism at y}
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Set T := p˜(τ1). After a base hange, if neessary, we may assume that T is a normal
urve and onsider the restritions of the morphisms onstruted in Proposition 3.6:
U˜T α
//

))
ΛT
β
// UT pr1
// X
Using [Keb02a, thm. 3.3.(1)℄, we nd that τ1 is generially injetive over T , and
therefore is a setion. Let U˜T,1 = (U˜1)T and U˜T,2 = (U˜2)T . By Proposition 3.3,
(U˜T,1, σ1(T )) and (U˜T,2, σ2(T )) are isomorphi pairs over T . Let γ : U˜T,1 → U˜T,2
be an isomorphism and onsider the setion τ2 := γ(τ1) ⊂ U˜T,2.
The ontration of τ2. With the notation above, Theorem 1.3 follows almost im-
mediately from the following observation.
Lemma 4.1. The morphism  ontrats the setion τ2 to x, i.e., τ2 ⊂ −1(x).
Notie that this nishes the proof of Theorem 1.3. Indeed, Lemma 4.1 implies
that a general point t ∈ T orresponds to a pair ℓt = ℓt,1∪ℓt,2 of two distint urves
that interset at x. The urve ℓt is then singular at x, a ontradition to the fat
that τ1 6⊂ S.
Proof Lemma 4.1. As a rst step, we show that  ontrats τ2 to some point y ∈ X .
The proof relies on a alulation of intersetion numbers on the ruled surfaes U˜T,1
and U˜T,2. Reall the basi fat that
Num(U˜T,1) = Z · σ1(T )⊕ Z · FV,1
where FV,1 is a ber of p˜U˜T,1 : U˜T,1 → T . A similar deomposition holds for U˜T,2.
Sine τ1 is a setion, we have the numerial equivalene,
τ1 ≡ σ1(T ) + d · FV,1,
where d is a suitable integer. Sine γ maps σ1(T ) isomorphially onto σ2(T ), we
obtain a similar equation on U˜T,2,
τ2 ≡ σ2(T ) + d · FV,2.
Next take the ample line bundle L ∈ Pic(X) and set
d3 := 
∗(L) · σ1(T ) = 
∗(L) · σ2(T ).
These two numbers are indeed equal sine the evaluation morphism identies the
images of the two setions σ1(T ) and σ2(T ). Now we an write the intersetion
numbers as
∗(L) · τ2 = 
∗(L) · (σ2(T ) + d · FV,2)
= d3 + d · d2 = (d3 + d · d1)︸ ︷︷ ︸
=∗(L)·τ1=0
+d · (d2 − d1)
= d · (d2 − d1) ≤ 0
Sine L is ample, this shows that (τ2) is a point, y ∈ X .
It remains to prove that x = y. In order to see that, it sues to reall two fats.
First, as it was already used above, the evaluation morphism identies the images
of the two setions σ1(T ) and σ2(T ). Seond, we know that τ1 and the anonial
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setion σ1 ⊂ Λ1 interset. Let t ∈ p˜(τ1∩σ1(T )) be a losed point. The two setions
τ2 and σ2(T ) will then also interset, t ∈ p˜(τ2 ∩ σ2(T )) and we obtain
x = (τ1) = (τ1 ∩ σ1(T ) ∩ p˜
−1(t))
= (τ2 ∩ σ2(T ) ∩ p˜
−1(t)) = y.
Lemma 4.1 is thus shown. 
4.2. Proof of Theorem 1.4. Let H ⊂ RatCurvesn(X) be as in Theorem 1.4. We
assume without loss of generality that all irreduible omponents of H dominate X .
Fix an ample line bundle L ∈ Pic(X) and let H ′ ⊂ H be an irreduible omponent
suh that for a general urve C ∈ H ′ the intersetion number L.C is minimal among
all the intersetion numbers of L with urves from H . Finally, x a rational urve
C ⊂ X that orresponds to a general point of H ′.
The proof of Theorem 1.4 now follows very muh the lines of the proof of The-
orem 1.3 from the previous setion. The main dierene to the previous argu-
ment is that we have to work harder to nd the family T , as the properness of
Dubbiesn(X)|H is no longer automatially guaranteed. Over the omplex number
eld, however, the following lemma holds, whih replaes the properness assumption
in our ontext.
Lemma 4.2. Assume that X is a omplex-projetive manifold, and let S′ ⊂ X be
a subvariety of odimension codimX S
′ ≥ 2. If C ∈ H is a urve that orresponds
to a general point of H ′, then C and S′ are disjoint: C ∩ S′ = ∅.
Proof. [Kol96, Chapt. II, Prop. 3.7 and Thm. 3.11℄ 
Corollary 4.3. Under the assumptions of Theorem 1.4, if C ∈ H ′ is a general
urve, and if codimX D ≥ 2, then
HC := {C
′ ∈ H | C ∩ C′ 6= ∅} ⊂ H
is proper, and the assoiated urves are immersed. In partiular, C is immersed.
Proof. It sues to note that C is disjoint from both S and D. 
Before oming to the proof of Theorem 1.4, we give a last preparatory lemma
onerning the dimension of the lous D of usps.
Lemma 4.4. If D ⊂ X is a divisor, then the subfamily Husp ⊂ H of uspidal
urves dominates X.
Proof. Argue by ontradition and assume that all uspidal urves in Husp are
ontained in a divisor. The total spae of the family of uspidal urves is then at
least (dimD + 1)-dimensional, so for a general point x ∈ D there exists a positive
dimensional family of uspidal urves that ontain x and are ontained in D. That,
however, is impossible: it has been shown in [Keb02a, Thm. 3.3℄ that in the proje-
tive variety D, a general point is ontained in no more then nitely many uspidal
urves. 
Setup of the proof. For the proof of Theorem 1.4, we will again argue by ontra-
dition. By Lemma 4.4 this amounts to the assumtion that τ is not generially
injetive, and that codimX D ≥ 2. By Corollary 4.3, this implies that the spae of
urves whih interset C is proper and all assoiated urves are immersed along C.
Sine C was a general urve, the assumptions also imply that for a general point
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x ∈ C, there exists a point t ∈ Dubbiesn(X) orresponding to a pair of marked
urves ℓ = ℓ1 ∩ ℓ2 suh that ℓ2 = C and ℓ1 intersets C tangentially at x, i.e.,
Image(τ(σ1(t))) = P(TC |
∨
x ) where τ : U˜ → P(T
∨
X) is the tangent morphism from the
introdution.
Hene we an nd a proper urve T ⊂ Dubbiesn(X) with assoiated diagram
U˜T α
//

))
p˜ ((
ΛT
β
//
pˆ

UT pr1
//
p
vv
X
T
suh that U˜T deomposes as U˜T = U˜T,1 ∪ U˜T,2, where
U˜T,2 ≃ C˜ × T ≃ P
1 × T,
and where τ |σ1(T ) dominates P(T
∨
C ).
End of proof. We are now in a situation whih is very similar to the one onsidered
in the proof of Theorem 1.3: we will derive a ontradition by alulating ertain
intersetion numbers on U˜T,1 and U˜T,2.
As a rst step, remark that U˜T,1 maps to a surfae in X . It follows that 
∗(L)
is nef and big on U˜T,1.
Seondly, sine U˜T,2 is isomorphi to the trivial bundle P
1 × T , we have a de-
omposition
Num(U˜T,2) ≃ Z · FH,2 ⊕ Z · FV,2
where FH,2 is the numerial lass of a ber of the map U˜T,2 → P1 and FV,2 that of a
ber of the map U˜T,2 → T . Likewise, sine the pairs (U˜T,1, σ1(T )) and (U˜T,2, σ2(T ))
are isomorphi, let
Num(U˜T,1) ≃ Z · FH,1 ⊕ Z · FV,1
be the orresponding deomposition. If d denotes the degree of the (nite, surje-
tive) morphism
 ◦ σ1 =  ◦ σ2 : T → C,
then it follows diretly from the onstrution that the urves of type FH,2 interset
σ2(T ) with multipliity d. We obtain that
σ2(T ) ≡ FH,2 + d · FV,2 and thus σ1(T ) ≡ FH,1 + d · FV,1.
To end the argumentation, let
d1 := 
∗(L) · FV,1 and d2 := 
∗(L) · FV,2
In partiular, we have that ∗(L) · σ2 = d · k2. Reall that H ′ ⊂ H was hosen so
that d1 ≥ d2 and write:
∗(L) · FH,1 = 
∗(L) · (σ1(T )− d · FV,1)
= d · d2 − d · d1
≤ 0.
Beause U˜T,1 is overed by urves whih are numerially equivalent to FH,1 that
ontradits the assumption that ∗(L)|U˜T,1 is big and nef. The proof of Theorem 1.4
is thus nished. 
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5. Appliations
5.1. Irreduibility Questions. Let H ⊂ RatCurvesn(X) be a maximal dominat-
ing family of rational urves of minimal degrees on a projetive variety X . How
many omponents an H have? If we pik an irreduible omponent H ′ ⊂ H and
x a general point x ∈ X , does it follow that
H ′x := {ℓ ∈ H
′ |x ∈ ℓ}
is irreduible? These questions have haunted the eld for quite a while now, as
the possibility that H ′x might be reduible poses major problems in many of the
proposed appliations of rational urves to omplex geometry see the disussion
in [Hwa01℄.
It is onjetured [Hwa01, hap. 5, question 2℄ that the answers to both of these
questions are armative for a large lass of varieties. There exists partiularly
strong evidene if X is a omplex manifold and if the dimension of H ′x is not too
small. Theorem 1.3 enables us to give a partial answer.
Theorem 5.1. Under the assumptions of Theorem 1.3, if X is a omplex manifold
and if for a general point x ∈ X, and for all irreduible omponents H ′ ⊂ H
dimH ′x ≥
dimX − 1
2
,
then Hx is irreduible. In partiular, H is irreduible.
The main tehnial diulty in proving Theorem 5.1 lies in the fat that the
losed points of H are generally not in 1:1-orrespondene with atual rational
urves, a possibility that is sometimes overlooked in the literature. As a mat-
ter of fat, this orrespondene is only generially injetive, and it may well hap-
pen that two or more points of H orrespond to the same urve ℓ ⊂ X . This
is due to the very onstrution of the spae RatCurvesn(X): reall from se-
tion 3.3 that RatCurvesn(X) is onstruted as the quotient of the normalization
of Hombir(P
1, X). While Hombir(P
1, X) is in 1:1-orrespondene with morphisms,
P1 → X , that are birational onto their imnage, the normalization morphism
Homnbir(P
1, X)→ Hombir(P
1, X),
need not be injetive. For omplex manifolds, however, we have the following
workaround.
Lemma 5.2. Under the assumptions of Theorem 5.1, let x ∈ X be a general point
and set
Hx := {ℓ ∈ H |x ∈ ℓ}
Then the losed points of Hx are in 1:1-orrespondene with the assoiated urves
in X.
Proof. Sine x is a general point and sine we have piked a xed omponent, H ′,
all rational urves through x are free by the proof of [KMM92, thm. 1.1℄. The spae
Hombir(P
1, X) is therefore smooth at every point f ∈ Hombir(P1, X) whose image
ontains the point x by [Kol96, thm. II.1.7℄. The normalization morphism
Homnbir(P
1, X)→ Hombir(P
1, X),
is thus isomorphi in a neighborhood of f . Sine Hombir(P
1, X) is in 1:1 orrespon-
dene with morphisms P
1 → X , the laim follows. 
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This enables us to prove Theorem 5.1.
Proof of Theorem 5.1. Choose a general point x ∈ X , and let τ : H 99K P(T∨X) be
the tangent morphism desribed in the introdution. Sine all urves assoiated
with Hx are smooth, τ restrits to a regular morphism
τx : Hx → P(T
∨
X |x).
This morphism is known to be nite [Keb02a, thm. 3.4℄. By Theorem 1.3, τx is
injetive.
Now assume that Hx is not irreduible, Hx = Hx,1∪ . . .∪Hx,n. Sine τx is nite,
we have that
dim(τx(Hx,1)) + dim(τx(Hx,2)) ≥ dimX − 1 = dimP(T
∨
X |x)
Thus, by [Har77, thm. I.7.2℄,
τx(Hx,1) ∩ τx(Hx,2) 6= ∅.
It follows that τ is not injetive, a ontradition. 
Lemma 5.2 raises the following interesting question.
Question 5.3. Are there other onditions than smoothness over C whih guarantee
that losed points of Hx are in 1:1-orrespondene with rational urves?
5.2. Stability of the tangent bundle, Automorphism Groups. The setup of
Theorem 5.1 naturally generalizes the notion of a prime Fano manifold, i.e., one
that is overed by lines under a suitable embedding. Virtually all results that have
been obtained for prime Fanos hold in the more general setup of Theorem 5.1. We
give two examples.
Theorem 5.4. In the setup of Theorem 5.1, the tangent bundle TX is stable.
In partiular, TX is simple, i.e., the only endomorphisms of TX are the salar
multipliations.
Proof. The proof of [Hwa01, thm. 2.11℄ applies verbatim. 
For any omplex varietyX , let Aut0(X) denote the maximal onneted subgroup
of the group of automorphisms. By universal properties, an automorphism of a
omplex variety indues an automorphism of the spae RatCurvesn(X). It might
be interesting to note that in our setup the onverse also holds.
Theorem 5.5. In the setup of Theorem 5.1, the groups Aut0(X) and Aut0(H)
oinide.
Proof. The proof of [HM02, or. 1℄ applies verbatim. 
5.3. Contat Manifolds. Let X be a projetive ontat manifold over C, e.g. the
twistor spae over a Riemannian manifold with Quaternioni-Kählerian holonomy
group and positive urvature. We refer to [Keb01℄ and the referenes therein for
an introdution and for the relevant bakground information.
If X is dierent from the projetive spae, it has been shown in [Keb01℄ that X
is overed by a ompat family of rational urves H ⊂ RatCurvesn(X) suh that
for a general point x, all urves assoiated with points in Hx are smooth. Thus, the
assumptions of Theorem 1.4 are satised, and τ is generially injetive. This has
been shown previously in [Keb01b℄ using rather involved arguments whih heavily
rely on obstrutions to deformations oming from ontat geometry.
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